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Abstract
Membrane bioreactors represent an attractive alternative for food industries wastewater treatment. This type of reactors comprise
an aerobic tank (where the biochemical reactions take place) and a membrane tank (where the final filtration process occurs).
Mathematical modeling of these systems is a practical tool for the design, control and optimization of wastewater treatment
plants. Among the modeling approaches, there is no mathematical model that is specifically designed for membrane bioreactors,
and that captures the hierarchical nature of these systems. In the present work, new mathematical models for mass and
momentum transport are derived from the fundamental equations at the continuum level. With the use of the volume averaging
method, effective medium models for both the aerobic and membrane tanks were developed. This modeling approach has
the advantage that the coefficients involved in the model can be predicted from closure schemes, without representing a
demanding computational effort. This deterministic model allows predicting the most favorable design and operating conditions.
Additionally, numerical simulations of these models give rise to a better understanding of the involved mass transport mechanisms
in the membrane tank, this is achieved through the prediction of the fluid velocity, and the dynamics of the total mass flux and
the concentration at each point in the tank. The models derived here are valuable because they allow analyzing the effect of each
(operational and/or design) parameter over the dynamics of long-chain fatty acids and oxygen concentrations.
Keywords: membrane bioreactor, mathematical modeling, upscaling, mass and momentum transport, numerical simulations.

Resumen
Los biorreactores de membrana representan una alternativa atractiva para el tratamiento de aguas residuales de industrias
alimentarias. Este tipo de reactores se componen de un tanque aerobio (donde las reacciones bioquímicas tienen lugar) y un
tanque de membrana (donde el proceso de filtración final ocurre). El modelado matemático de estos sistemas es una herramienta
práctica para el diseño, control y optimización de plantas de tratamiento. Entre los enfoques de modelado no existe un modelo
matemático cuyo diseño sea específico para biorreactores de membrana, y que capture la naturaleza jerárquica de estos sistemas.
En este trabajo, nuevos modelos matemáticos para el transporte de masa y cantidad de movimiento se deducen a partir de las
ecuaciones fundamentales al nivel de escala del continuo. Mediante el uso del método del promedio volumétrico, se deducen
modelos de medio efectivo tanto para el tanque aerobio como para el tanque de membrana. Este enfoque de modelado tiene
la ventaja de que los coeficientes involucrados en el modelo pueden ser predichos a partir de esquemas de cerradura, sin ser su
solución computacionalmente demandante. Este modelo determinista permite predecir las condiciones de diseño y operación más
ventajosas. Adicionalmente, las simulaciones numéricas de los modelos dan lugar al mejor entendimiento de los mecanismos de
transporte de masa involucrados en el tanque de membrana, esto se logra mediante la predicción de la velocidad del fluido, y
de la dinámica del flux total de masa y de la concentración en cada punto del tanque. Los modelos deducidos aquí son valiosos
porque permiten analizar el efecto de cada parámetro (operativo y / o de diseño) sobre la dinámica de los ácidos grasos de cadena
larga y la concentración de oxígeno.
Palabras clave: biorreactor de membrana, modelado matemático, escalamiento, transporte de masa y cantidad de movimiento,
simulaciones numéricas.
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1 Introduction

A membrane bioreactor (MBR) is a wastewater
treatment system, consisting of a biological
degradation compartment and a physical separation
tank through membrane filtration. These bioreactors
have been successfully implemented for both
municipal and industrial wastewater treatment
(Asif et al., 2019). In recent years, research
articles and patent publications, along with start-
ups of treatment plants that use MBRs, show
a marked and exponential growth (Krzeminski,
Leverette, Malamis, & Katsou, 2017; Xiao, Liang,
Wang, Chen, & Huang, 2019). The increasing
application of MBRs motivates the development of
mathematical models in order to predict mass and
momentum transport in these reactors (Rittmann
et al., 2018). In addition, mathematical models
are desirable because they allow optimization,
design and operation of treatment plants, as well as
determination of the operational limits of existing
facilities (Brannock, Leslie, Wang, & Buetehorn,
2010; Hamedi, Ehteshami, Mirbagheri, Rasouli, &
Zendehboudi, 2019). Furthermore, predictive models
(i.e., a priori models, see Valdés Parada, 2014) have
the advantage of not requiring the physical existence
of the system under study (Zarragoitia-González,
Schetrite, Alliet, Jáuregui-Haza, & Albasi, 2008).
Mathematical modeling of wastewater treatment
processes is an acceptable and practical tool that is
widely used by consulting companies and regulatory
agencies (Morgenroth, Arvin, & Vanrolleghem, 2002).

For MBRs, there are two main approaches to
system modeling. The first one are the activated sludge
models (ASM). These mechanistic and observational
models are widely used since the creation of the AMS1
(Henze, Grady, Gujer, Marais, & Matsuo, 1987).
These models attempt to represent the biochemical
transformations in activated sludge systems through
various simplified processes descriptions, based on
the mass and momentum transport dynamics observed
in wastewater treatment plants (i.e., a posteriori
modeling) (Hauduc et al., 2012). The use of these
models requires knowledge of multiple parameters
that are constrained to specific operating conditions
(Jeppsson, 1996). Although ASMs were developed for
conventional activated sludge systems, several authors
suggest that they could be used to model biomass
kinetics in MBRs systems (d’Antonio, Esposito,
Fabbricino, & Panico, 2016; Janus & Ulanicki,

2016; Lee, Cho, Seo, Lee, & Ahn, 2002; Lu et
al., 2001; Maere, Verrecht, Moerenhout, Judd, &
Nopens, 2011; Tenore, Vieira, Frunzo, Luongo, &
Fabbricino, 2018). This is because the MBR system
is considered as an activated sludge in which the
secondary clarifier was replaced by a membrane
filtration unit. The principal alternatives for modeling
an MBR with an ASM is the addition of submodels
(Fenu et al., 2010). Nevertheless, the extension of
these models entails the introduction of a considerable
number of additional parameters, leading to an
overparameterization problem (Takács et al., 2011),
thus limiting their practical application to MBRs.

The second approach are the computational
fluid dynamics (CFD) models. These are based on
the conservation laws (for mass, momentum and
mechanical energy) that govern fluid mechanics at the
continuum scale (Hu, 2012), and involve demanding
numerical simulations (Xiea et al., 2016). In order to
perform these simulations, using for instance finite
elements or finite volume methods, high-resolution
computational meshes are required, especially in the
fibers interior that make up ultrafiltration cassettes
(Saalbach & Hunze, 2008). This issue, along with the
requirement of having moving meshes to describe air
bubbles dynamics, restricts the applicability of CFD
models in wastewater treatment plants, as considerable
computational efforts are required. Furthermore, CFD
serves primarily to model fluid flow and, in many
cases, nutrient transport and reaction in MBRs is
modeled coupling an ASM (Janus & Ulanicki, 2016;
Mannina, Cosenza, & Ekama, 2018).

The above shows the relevance and need of
developing mathematical models specific to MBRs.
Due to the hierarchical nature of the system, it
is desirable that these models are applicable at
the reactor scale level, but they should also be
capable of capturing the essential information from
the microscale. Consequently, the objective of this
work is the derivation of mathematical models for
the MBR system by means of an upscaling approach,
based upon the volume averaging method. In this
context, upscaling is used to denote the systematic
filtering of information when going from a certain
scale level to a superior one. Once the models are
derived, they are used to determine the most favorable
design and operation conditions for the degradation
of oil and grease substrates (represented as long-chain
fatty acids). These contributions are relevant for future
experimental works, both for design activities and for
the proposition of improvements to existing systems.
In order to accomplish these goals, the work is

912 www.rmiq.org



Sánchez-Vargas and Valdés-Parada/ Revista Mexicana de Ingeniería Química Vol. 20, No. 2 (2021) 911-940

organized as follows: Firstly, the system components
are briefly described in section 2 and the two tanks
under study and their functions and components are
clearly identified. Later on, in sections 3 and 4, the
mathematical models for the aerobic tank and the
membrane tank are derived, respectively. With these
models available, the attention is then directed to the
parametric analysis in each tank by means of the
numerical solutions of the models as shown in sections
5 and 6, respectively. The outcome of these analyses
is the determination of the most favorable design
and operation conditions for the system. Finally, the
corresponding concluding remarks are reported.

2 System description

Consider a membrane bioreactor with two main
tanks connected in series: an aerobic activated sludge
reaction tank (from here on, the aerobic tank),
and a membrane tank with submerged hollow fibre
filtration cassettes (in the following, the membrane
tank). The reactor feed is assumed to consist of
wastewater from the food industry that has already
undergone a pretreatment process. This wastewater
contains oils and greases (i.e., λ-phase), free long-
chain fatty acids (LCFA), a liquid phase (β-phase),
inert solids and organic matter. The proposed oil and
grease concentration in the inflow of aerobic tank is
approximately equal to 1.47 g L−1 (Acharya, Nakhla,
& Bassi, 2006a, 2006b; Kurian, Acharya, Nakhla, &

Bassi, 2005; Liu, Nakhla, Bassi, & Al-Sabawi, 2003;
Nakhla, Liu, & Bassi, 2006). In the aerobic tank,
shown in figure 1, the oil phase is completely degraded
through consecutive hydrolysis reaction steps taking
place at the boundary between this phase and the
liquid region (the η-region), generating free LCFA
such as oleic, palmitic and stearic acids (species-A).
Therefore, species-A is no longer considered as oil
droplets, but as a diluted chemical species everywhere
in the system. In this context, the term region is used
to denote a portion of the system containing more
than one phase. The term zone is used hereafter to
refer indistinctly to a phase or a region. The oxidation
reactions of the LCFA take place within the biomass
contained in flocs (the ω-region) of different sizes.
Oxygen (species-B), is provided through air (the γ-
phase) diffusers, located at the bottom of the tank that
also promote mixing inside the tank. The diffusers are
assumed to have holes with diameters of millimeters,
in order to favor mass transport. Both species are
consumed inside the flocs, and the excess exits the tank
with the effluent. This current becomes the influent
of the membrane tank, sketched in figure 2, where
the filtration process occurs, yielding a permeate
current of treated water (the β-phase). The membrane
tank is also aerated by diffusers located below the
filtration cassettes (the ζ-region), with the purpose
of removing fouling materials from the membrane
surface. A cassette is a membrane modules assembly,
where the combine permeate is collected in the upper
section.

Aerobic tank

Inlet

Liquid region
(η-region)

Air line
and diffusers

Oil and grease (λ-phase)

Floc (ω-region)

Air bubble (γ-phase)

Fig. 1: Diagram of an aerobic tank in operation, identifying the phases and regions found in the system.
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Membrane tank

Ultrafiltration cassette

Air line

Permeate
colector

Diffuser

Fig. 2: Diagram of the membrane tank components: ultrafiltration cassette, permeate collector, diffusers and air lines.

3 Aerobic tank model

3.1 Microscale transport description

The derivation of the macroscopic models for both
species (LCFA and oxygen) commences by adopting

the following set of starting assumptions:

1. The biofilm formation at the tank walls is
negligible with respect to the amount of biomass
in the flocs.

2. The concentration of non-flocculated
microorganisms is negligible with respect to the
concentration of microorganisms in the flocs.

3. Inert solids do not transport between phases or
react.

4. pH and temperature are constant.
5. There are resistances to mass transfer between the

γ-phase and the η-region. The same is true at the
boundary between the λ-phase and the η-region.

6. The chemical reaction of hydrolysis follows first-
order kinetics and takes place at the boundary
between the λ-phase and the η-region.

7. There is no mass transport directly between the
gas or oil phases and the flocs.

8. Momentum transport is quasi-steady.

As it will be shown later, the mathematical model for
describing mass transport inside the flocs is not

derived here because it is already available from the
work by de los Santos-Sánchez et al. (2016). Indeed,
the use of this model requires accepting an additional

set of assumption, which can be consulted in this
work.

On the basis of the above set of assumptions, the total
mass continuity equations in both the η-region and the

γ-phase can be expressed as follows

∂ρ j

∂t
+ ∇ · (ρ jv j) = 0, j = η,γ (1)

where ρ j and v j represent the j-zone density and
velocity, respectively.

At this point, it is worth mentioning that the
macroscopic model that is going to be derived for this
tank is not going to depend on position (except inside
the flocs). Therefore, the assumption that momentum

transport is quasi-steady makes it unnecessary to
consider the momentum-transport equations in this
tank. In this way, the attention can now be directed
towards the species conservation equations in the

different phases and regions within the tank (i = A,B):
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The membrane tank is assumed not to contain flocs,
therefore the consumption of both chemical species is
minimal; hence, modeling transport of species-B is not
considered in this tank. Consequently, the efficiency
of the MBR relies only on the amount of species-A
retained by the membrane. It should be added that,
both tanks in the MBR constitute a multiphase and
multiscale system. In the following paragraphs the
mathematical models for each tank are derived.

3 Aerobic tank model

3.1 Microscale transport description

The derivation of the macroscopic models for both
species (LCFA and oxygen) commences with the
statement of the governing equations at the microscale.
To this end, it is convenient to adopt the following set
of starting assumptions:

1. The biofilm formation at the tank walls is
negligible with respect to the amount of biomass
in the flocs.

2. The concentration of non-flocculated
microorganisms is negligible with respect to the
concentration of microorganisms in the flocs.

3. Inert solids do not transport between phases or
react.

4. pH and temperature remain constant.

5. There are resistances to mass transport between
the γ-phase and the η-region. The same is true
at the boundary between the λ-phase and the η-
region.

6. The chemical reaction of hydrolysis follows first-
order kinetics and takes place at the boundary
between the λ-phase and the η-region.

7. There is no mass transport directly between the
gas or oil phases and the flocs.

8. Momentum transport is quasi-steady with respect
to mass transport.

On the basis of the above set of assumptions, the total
mass continuity equations in both the η-region and the
γ-phase can be expressed as follows:

∂ρ j

∂t
+ ∇ · (ρ jv j) = 0, j = η,γ (1)

where ρ j and v j represent the j-zone density and
velocity, respectively.
At this point, it is worth mentioning that the interest
in this tank is to derive a model that describes
the concentration dynamics and not necessarily the
spatial variations of the concentration (except inside
the flocs). Therefore, the assumption that momentum
transport is quasi-steady makes it unnecessary to
consider the momentum-transport equations in this
tank. In this way, the attention can now be directed
towards the species conservation equations in the
different phases and regions within the tank. The
governing equations in the η-region and in the γ-phase
correspond to the classical species transport equations
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under passive conditions for both chemical species
(i = A,B):

∂ciη

∂t
+ ∇ · (ciηviη) = 0, in the η-region (2a)

∂cBγ

∂t
+ ∇ · (cBγvBγ) = 0, in the γ-phase (2b)

The mathematical model to describe mass transport
inside the flocs is not derived here because it is already
available from de los Santos-Sánchez, Valdés-Parada,
and Chirino (2016) and it can be written as (i = A,B):(

εPi j K
−1
i j + εe j

) ∂ciω j

∂t
= Di j∇2ciω j

− εPA jµi j
ciω j

ciω j +αPi

, in the ω j-region (2c)

In equations (2), c and v denote the molar
concentration and the chemical species velocity in the
fluid, respectively. In both cases, the first subscript
identifies the chemical species and the second one
identifies the zone. In addition, K−1

i j is defined as the
thermodynamic equilibrium constant that relates the
concentration of species i between the extracellular
matrix and the Pi-region. Moreover, εe j and εPi j are
the volumetric fractions of the extracellular and the
ω j regions that correspond to species i consuming
cells, respectively. Also, µi j is the maximum specific
consumption rate and αPi the half-saturation constant
of species i consuming cells in the ω j region.
The effective-medium equation in the ω-region shows
that, at the floc-scale, mass is only transported
by effective diffusion. In addition, equation (2c)
incorporates a homogeneous reaction term that results
from the upscaling process at the cellular scale level
(de los Santos-Sánchez et al., 2016). Indeed, the use
of this model requires accepting an additional set of
assumptions such as the local equilibrium hypothesis
and the existence of a separation of length scales
between the flocs and the distance between cells.
This model considers two cellular types: cells that
consume species i (i = A,B) (i.e., the Pi-region)
and cells that, for various reasons, do not consume
the substrate (the Ni-region). Moreover, assuming
that there is no substrate inhibition mechanism, the
proposed reaction kinetics is of the Michaelis-Menten
type. In fact, in the literature there are reports of
the application of such a model to describe the
oxidation of different types of fats (Becker, Abu-
Reesh, Markossian, Antranikian, & Märkl, 1997; Hsu,
Hanaki, & Matsumoto, 1983; Nakhla et al., 2006).
Furthermore, floc size distributions are considered
here and for this reason the subscript j is used in

equation (2c), which runs from 1 to N f , the latter
denoting the number of floc sizes. Regarding the
diffusive term, it is important to mention that the
effective diffusion coefficient of species i (Di j) was
assumed to be isotropic at the cellular scale. As
shown by de los Santos-Sánchez et al. (2016), this
coefficient can be predicted from the solution of the
associated closure problem and can be represented
using analytical expressions as discussed later on.
The above differential equations are subject to the
following set of boundary conditions that describe the
mass transport phenomena taking place between the
regions and phases (i = A,B):

nηλ · c jη(v jη −wηλk) = −δ jAkληcλ, at Aηλk (3a)
nηω · ciη(viη −wηω j) = nηω · ciω j(viω j −wηω j),at Aηω j

(3b)

nηω · ciη(viη −wηω j) = kηωi j (ciη − ciω j), at Aηω j (3c)

nγη · cBγ(vBγ −wγη) = nγη · cBη(vBη −wγη),at Aγη
(3d)

nγη · cBγ(vBγ −wγη) = kγη(cBγ − cBη), at Aγη (3e)
nγω · cBγ(vBγ −wγω j) = 0, at Aγω j (3f)
nγi · cik(vik −wγ j) = 0, j = η,λ,k = η,γ,at Aγ j (3g)

In these equations, n is the unit normal vector, directed
from the first to the second zone indicated at its
subscripts, and w is the speed of displacement of the
boundary between the two zones. Additionally, δ jA
is the Kronecker delta, kλη is the hydrolysis reaction
constant at the λη boundary, kηωi j is the interfacial mass
transport coefficient between the zones indicates at its
superscripts for species i in the j floc size, and kγη

is the interfacial oxygen mass transport coefficient at
the γη boundary. Finally, Akl represents the boundary
between the k and l zones.
At Aηλ there is a generation reaction of species A,
due to the hydrolysis of the oils and greases under the
form of a first-order reaction in equation (3a). Here,
the subscript k identifies the size distribution of oil
micelles. Moving on to the Aηω surface, it is assumed
that surface accumulation, reaction and deformation
are negligible with respect to normal mass flux and
that there are interfacial mass transport resistances that
can be modeled by means of Newton’s cooling law
for both species, as shown in equations (3b) and (3c).
Similar assumptions are imposed at Aγη, as reported
in equations (3d) and (3e). Furthermore, as expressed
in equation (3f), there is no transport of species B from
the γ-phase into the ω-region. Finally, no transport
of species A and B takes place in the rest of the
boundaries as reported in equations (3f) and (3g).
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Since the λ-phase contains oils and greases with
different chemical structures from those transported in
the η and ω regions, it is not necessary to consider
them in the model. Certainly, the statement of the
microscale model requires imposition of the boundary
conditions at the macroscopic inlets and outlets as well
as the corresponding initial conditions. However, this
information is not required for the derivation of the
upscaled model and it is not reported at this point for
the sake of brevity in presentation.

3.2 Upscaling

This section is dedicated to the derivation of the
upscaled models for mass transport in the η-region (for
both chemical species) and in the γ-phase (for species
B). Since the model for the ω-region is already an
effective-medium equation, it does not require further
upscaling. To this end, letV j (of volume V j) denote the
space occupied by the j-zone within the aerobic tank,
where j = η,γ. In terms of this domain, it is convenient
to introduce the following intrinsic averaging operator
for any piece-wise smooth quantity, ψ:

ψ j =
1
V j

∫
V j

ψ j dV (4)

Application of this averaging operator to the
continuity equations (1), assuming incompressible
flow and taking into account the transient dependence
of V j leads, after the use of the general transport
theorem and the divergence theorem (Bird, Stewart, &
Lightfoot, 2002), to the following expressions:

dVη
dt

= Q̇iη − Q̇oη (5a)

dVγ
dt

= Q̇dγ − Q̇supγ (5b)

In the above equations Q̇ denotes the volumetric flow
rate at specific boundaries identified by the subscripts.
In the η-region, the inlet corresponds to the inflow of
the tank (identified by the subscript iη) and the outlet
stream is identified by oη. For the γ-phase, the inlet
(dγ) corresponds to the diffusers and the outlet (supγ)
corresponds to the upper surface of the liquid in the
tank.
For species A and B, a similar procedure can be
applied to equations (2a) and (2b), taking into account

the corresponding boundary conditions to obtain the
following set of upscaled equations:

dcηA
dt

=
Q̇eη

Vη
(cAηe − cηA)−

j=N f∑
j=1

kηωA j Aηω j

Vη
(cηA − cAω j)

+
kληcλAηλ

Vη
, in the η-region (6a)

dcγB
dt

=
Q̇dγ

Vγ
(cBγd − cγB)

− kγηAηγ
Vγ

(cγB − cηB), in the γ-phase (6b)

dcηB
dt

= − Q̇eη

Vη
cηB −

j=N f∑
j=1

kηωB j Aηω j

Vη
(cηB − cBω j)

− kγηAηγ
Vη

(cηB − cγB), in the η-region (6c)

Here, ck
i denotes the average concentration of species

i in the k-zone. Also, cAηe indicates the species
A concentration at the inlet, cBγd the species B
concentration in the γ-phase inlet (diffusers), and Akl
the interfacial area between the k and l zones.
At this point, it is worth mentioning that the
derivation of these equations requires assuming that
the concentrations of the species at the interfaces
can be approximated by its intrinsic averages. This
assumption is reasonable as long as well-mixed
conditions are applicable in the system. Clearly, the
above equations are coupled with the concentrations
resulting from the solutions of equation (2c), which,
for the sake of simplicity, is assumed from this point
on to be applicable in spherical coordinates. This
assumption should be regarded as a modeling choice
and if it is not realistic, it can be easily relaxed.
In addition, to facilitate the mathematical treatment,
mass transport is assumed to be symmetric in all
directions within each sphere. Under these conditions,
the upscaled model only requires to specify the
following set of initial conditions to complete its
statement (i = A,B):

When t = 0, cγB = cγB0, cηi = cηi0, ciω j = ciω j0

(7)

with all the terms on the right-hand side of the above
equations being known quantities.
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4 Membrane tank model

In this section the attention is drawn upon mass
and momentum transport within the ultrafiltration
cassettes (i.e., the ζ-region). The goal is to derive
effective medium models for both types of transport
phenomena using the volume averaging method
under a mechanical equilibrium approximation. The
transport equations for the η-region outside the
cassettes correspond to their microscale counterparts
inside the cassettes and they do not require to be
upscaled.

4.1 Microscale transport description

Similarly to the aerobic tank, the following set of
starting assumptions are adopted in order to develop
the membrane tank models:

1. Incompressible and Newtonian flow.
2. Quasi-stationary state for momentum transport.
3. The concentration of species A is sufficiently

diluted in order to apply Fick’s law.
4. The hollow fibre matrix is inert.
5. Air bubbles have spherical geometry and no size

distribution is considered.
6. The concentration of microorganisms in this tank

is negligible with respect to the concentration
in the aerobic tank. Therefore, oils and greases
oxidation is not considered.

7. The concentration and hydrolysis of oils and
greases in the membrane tank is negligible
compared to the concentration and hydrolysis in
the aerobic tank.

8. Solids are mechanically inert, hence, they do
not transport or react and are rejected by the
membrane.

9. pH and temperature are constant.
10. There are resistances to mass transport between

the η-region (or the β-phase) and the σ-region.

On the basis of these constraints, the governing
equations at the microscale for mass and momentum
transport are the following (k = γ,η,σ; j = γ,η):

∇ · vk = 0, in the k-zone (8a)

ρ jv j ·∇v j = −∇P̃ j + µ j∇2v j −∇〈P j〉 j, in the j-zone
(8b)

vσ = −Hσ

µ
·∇P σ, in the σ-region (8c)

In the previous set of equations, vk, v j and vσ stand
for the fluid velocity in the corresponding zone at its
subscript. In equation (8b), the spatial decomposition
proposed by Gray (1975) was used for the dynamic
pressure in each region: P j = 〈P j〉 j + P̃ j; with this
decomposition, the pointwise pressure is divided in its
intrinsic average and its spatial deviations in the j-
zone. The intrinsic averaging operator in the ζ-region
is defined as follows:

〈ψ〉 j =
1
V j

∫
V j

ψ dV (8d)

Here V j is the volume occupied by the j-zone within
a representative averaging domain suitable for the
ζ-region. In addition, equation (8c) corresponds to
the effective-medium model for momentum transport
derived by Whitaker (1996). In this equation, Hσ

corresponds to an apparent permeability tensor for the
σ-region. The values of the components of this tensor
can be predicted from the solution of the associated
closure problem as reported by Lasseux, Arani, and
Ahmadi (2011). Moreover, µ is the viscosity of the
region and P σ is the intrinsic average of the dynamic
pressure in the σ-region.
At the boundaries of the η-region and the β-phase in
contact with the porous medium (i.e., the σ-phase), it
is assumed that the normal component of the velocity
is continuous ( j = η,β):

n jσ · v j = n jσ · vσ, at A jσ (8e)

In addition, a jump for its tangential component is
assumed, which is described by the vectorial form of
the Beavers and Joseph (1967) boundary condition for
inertial flow:

(I−n jσn jσ) ·
[
n jσ ·

(
ρ jv jv j − µ

[
∇v j + (∇v j)T

])]
=

ασ√‖Hσ‖

(
v j +

Hσ

µ
·∇〈P σ〉σ +

Hσ

µ
·∇P̃ σ

)
, at A jσ

(8f)

where ασ is a jump coefficient that takes into account
the transition from flow in a free-fluid zone and
into a porous medium. The values of this coefficient
may certainly be altered by fouling of the fibers in
the ultrafiltration cassettes. At the boundary between
the γ-phase and the σ-region, the no-slip boundary
condition is imposed:

vγ = 0, at Aγσ (8g)

Directing the attention to the boundary between the
η-region and the γ-phase, it is reasonable to assume
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mechanical equilibrium of the velocities. Therefore,
the following continuity condition may be imposed:

vγ = vη, at Aγη (8h)

Furthermore, the boundary condition corresponding to
momentum transport implies the use of the Young-
Laplace equation as well as the following assumption:

(ρη − ργ)gyηγ �max
(
P̃η,P̃γ

)
,

max
(
µ
[
∇vη + (∇vη)T

]
,µγ

[
∇vγ + (∇vγ)T

])
(8i)

so that the following boundary condition results:

nηγ ·
(
P̃ηI− µ

[
∇vη + (∇vη)T

])
= nηγ ·

(
P̃γI− µγ

[
∇vγ + (∇vγ)T

])
, at Aηγ (8j)

In equation (8i), gyηγ represents the order of
magnitude estimate of the inner product between the
gravity and a vector locating points at the interface
relative to the centroid of the averaging domain.
To complete the problem statement, it is worth noting
that the above equations are to be formally solved
in a periodic unit cell that is representative of the ζ-
region, such as the one sketched in figure 3. At this
point, it is pertinent to remark that the use of a unit
cell model to carry out the analysis is reasonable as
long as there is a separation of length scales. For
the case at hand, it is required for the characteristic
length of the ultrafiltration cassettes to be much larger
than the one corresponding to microscale transport
within the phases and regions of the system. For
this solution domain, it is reasonable to impose the
following periodic boundary conditions ( j = η,γ, k =

β,σ):

ψ j(r j + li) = ψ j(r j), i = 1,2,3; ψ = v,P̃ (8k)

ψk(rk + l3) = ψk(rk); ψ = v,P̃ (8l)

where r j and rk are position vectors, and li and l3 are
the unit cell lattice vectors in the i or third direction,
respectively.
Finally, the fields of the deviations of the dynamic
pressure are bounded by the following average
constraint, which is a corollary of the separation of
length scales mentioned above ( j = η,γ,β,σ):

〈
P̃ j

〉 j
= 0 (8m)

β-phase

σ-regionγ-phase

η-region

Fig. 3: Sketch of a representative periodic unit cell
for the ultrafiltration cassette of the membrane tank,
identifying the phases and regions involved.

Equations (8) are sufficient to carry out the upscaling
process for momentum transport as shown below. For
now, it is pertinent to present the governing equations
for mass transport of species A. To this end, it is worth
noting that no chemical reaction takes place in the
system. For this reason, the governing equation in the
σ-region corresponds to the one derived by Whitaker
(1999):

∂cAσ

∂t
+ ∇ · (cAσvσ) = ∇ · (D∗ ·∇cAσ), in the σ-region

(9a)

whereas the equations for the other regions of the
system are simply the convection-diffusion equations
( j = η,β):

∂cA j

∂t
+ ∇ · (cA jv j) = ∇ · (DA j∇cA j), in the j-zone

(9b)

In equation (9a), vσ denotes the intrinsic average of
the velocity of the β-phase inside the σ-region. While
D∗ represents the total dispersion tensor, which can be
calculated from the solution of the associated closure
problem derived by Whitaker (1999), and DA j is the
molecular diffusivity of species A in the j-zone.
At the boundary between the η-region (or the
β-phase) and the σ-region, the contributions of
accumulation and surface transport are neglected with
respect to perpendicular mass transport. Furthermore,
it is considered that the hollow fibers do not
experiment changes at their surface. Moreover, mass
transport resistances are considered at this boundary.
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Consequently, the corresponding boundary conditions
at these surfaces are the following ( j = η,β):

n jσ · cAηvA j = n jσ · cAσvAσ, at A jσ (10a)

n jσ · cA jvA j = kσ j(cA j − cAσ), at A jσ (10b)

In the previous equations, kσ j represents the interfacial
mass transport coefficient, given for the species A at
the boundary between the j and the σ zones. Certainly,
this coefficient accounts for fouling taking place in the
fibers of the ultrafiltration cassettes. Finally, there is no
mass transport of species A between the γ-phase and
the σ-region:

nγσ · cAγvAγ = 0, at Aγσ (10c)

4.2 Upscaling

The derivation of the upscaled transport models
is presented in the following manner: First, the
corresponding model for total mass transport is
derived, second the macroscopic momentum transport
model is addressed. Finally, the attention is directed
towards the derivation of an effective-medium
equation for mass transport of species-A. This
last model is derived under the local equilibrium
assumption. The term local equilibrium refers, unlike
thermodynamic equilibrium, to the equality of average
quantities, between the different phases or regions,
but it does not imply the absence of spatio-temporal
changes (Whitaker, 1999).
To commence the upscaling process, it is necessary to
define an averaging domain, V containing portions of
all the phases and regions involved in the cassette. In
this way, the following superficial averaging operator
can be defined ( j = γ,η,σ,β):

〈ψ j〉 j =
1
V

∫
V j

ψ j dV (11)

In order to derive the macroscopic model for total mass
conservation in the η-region, the process consists of:
averaging the equation (8a) and applying the spatial
averaging theorem (Howes & Whitaker, 1985), taking
into account the corresponding boundary conditions,
leading to:

∇ · 〈vη〉η +
1
V

∫
Aηγ

nηγ · vγ dA +
1
V

∫
Aησ

nησ · vσ dA = 0

(12a)

Using a similar approach, it renders the following
macroscale continuity equations for the remaining
phases and regions:

∇ · 〈vγ〉γ +
1
V

∫
Aγη

nγη · vγ dA = 0 (12b)

∇ · 〈vβ〉β +
1
V

∫
Aβσ

nβσ · vσ dA = 0 (12c)

∇ · 〈vσ〉σ +
1
V

∫
Aση

nση · vσ dA +
1
V

∫
Aσβ

nσβ · vσ dA = 0

(12d)

Adding all the above average equations, it gives rise to
the following macroscopic mass equation:

∇ · 〈v〉 = 0 (13)

Here, the following definition was used:

〈v〉 = 1
V

∫
V

v dV (14)

In order to derive the macroscopic equation for
momentum transport, it is pertinent to direct the
attention to the microscale model given in equations
(8). In this problem, four source terms can be
identified, namely: ∇〈Pη〉η, ∇〈Pγ〉γ, ∇〈Pβ〉β
and ∇〈Pσ〉σ. Consequently, the following formal
solutions can be proposed for the velocity and the
dynamic pressure deviations ( j = η,γ,β,σ):

v j = −D jη

µ
·∇〈Pη〉η −

D jγ

µγ
·∇〈Pγ〉γ

− D jβ

µ
·∇〈Pβ〉β −

D jσ

µ
·∇〈Pσ〉σ (15a)

P̃ j = −d jη

µ
·∇〈Pη〉η −

d jγ

µγ
·∇〈Pγ〉γ

− d jβ

µ
·∇〈Pβ〉β −

d jσ

µ
·∇〈Pσ〉σ (15b)

where the closure variables Di j and di j map the
influence of each source onto v j and P̃ j, respectively.
The governing equations for the closure variables
are not reported in this document for the sake of
brevity in presentation. On the basis of the above
solution, the corresponding macroscale model results
from applying the superficial averaging operator to
equation (15a) and it can be written as follows ( j =
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η,γ,β,σ):

〈v j〉 j = −H jη

µ
·∇〈Pη〉η −

H jγ

µγ
·∇〈Pγ〉γ

− H jβ

µ
·∇〈Pβ〉β −

H jσ

µ
·∇〈Pσ〉σ (16)

In the previous equation, the apparent permeability
tensors are defined as: H jη = 〈D jη〉η, H jγ =

〈D jγ〉η, H jβ = 〈D jβ〉η, H jσ = 〈D jσ〉η. The above
equation can be significantly simplified using the
mechanical equilibrium assumption, which allows
equating all the macroscopic pressure gradients as a
single one. In this way, the following Darcy-like model
results:

〈v〉 = − H
µav
·∇〈P 〉 (17)

Here, the ratio of the total apparent permeability tensor
and the average viscosity is defined as ( j = η,γ,β,σ):

H
µav

=
H jη

µ
+

H jγ

µγ
+

H jβ

µ
+

H jσ

µ
(18)

Hence, the closed form of the macroscopic models
for total mass and momentum transport are given
by equations (13) and (17), respectively, and the
attention can be directed to the upscaling of species-A
mass transport. Application of the intrinsic averaging
operator (equation 8d) to equation (9a), followed by
the use of the spatial averaging theorem and the
corresponding boundary conditions, lead to:

∂〈cAσ〉σ
∂t

+ ∇ · 〈cAσvσ〉σ − kση

Vσ

∫
Aση

(cAη − cAσ) dA

+
kσβ

Vσ

∫
Aσβ

(cAσ − cAβ) dA

= ∇ ·
D∗ ·

∇〈cAσ〉σ +
1

Vσ

∫
Aσ

nσcAσ dA


 (19)

This result can be further worked after introducing
the spatial decomposition for the concentration in the

corresponding integral filters, giving rise to:

∂〈cAσ〉σ
∂t

+ ∇ · (〈cAσ〉σ〈vσ〉σ) + ∇ · 〈c̃Aσvσ〉σ

− kσηaση
εσ

(〈cAη〉η − 〈cAσ〉σ)− kσηaση
εσAση

∫
Aση

(c̃Aη − c̃Aσ) dA

+
kσβaσβ
εσ

(〈cAσ〉σ − 〈cAβ〉β) +
kσβaσβ
εσAσβ

∫
Aσβ

(c̃Aσ − c̃Aβ) dA

= ∇ ·
D∗ ·

∇〈cAσ〉σ +
1

Vσ

∫
Aσ

nσβc̃Aσ dA


 (20a)

Here, aση and aσβ stand for the interfacial areas per
unit volume for the boundaries between the σ and the
j-zones, and ε j represents the volumetric fraction of
the j-region. In the following, this model is referred
to as the unclosed average model for the σ-region
because it is expressed in terms of deviation quantities,
which are unknown at this point of the derivations.
Performing a similar analysis to the remaining regions
and phases of the system, the following unclosed
average models result:

∂〈cAη〉η
∂t

+ ∇ ·
(
〈cAη〉η〈vη〉η

)
+ ∇ · 〈c̃Aηvη〉η

+
kσηaση
εη

(〈cAη〉η − 〈cAσ〉σ) +
kσηaση
εηAησ

∫
Aησ

(c̃Aη − c̃Aσ) dA

= ∇ ·
DAη

∇〈cAη〉η +
1

Vη

∫
Aη

nηc̃Aη dA


 (20b)

∂〈cAβ〉β
∂t

+ ∇ ·
(
〈cAβ〉β〈vβ〉β

)
+ ∇ · 〈c̃Aβvβ〉β

− kσβaσβ
εβ

(〈cAσ〉σ − 〈cAβ〉β)− kσβaσβ
εβAβσ

∫
Aβσ

(c̃Aσ − c̃Aβ) dA

= ∇ ·

DAβ

∇〈cAβ〉β +
1

Vβ

∫
Aβσ

nβσc̃Aβ dA


 (20c)

In order to determine the concentration deviations,
it is necessary to derive, simplify and solve their
governing equations. This process is known as closure
and it is briefly presented below. The differential
equations for the concentration deviations are the
result of subtracting the unclosed equations (20) to
their microscale counterparts (equations 9). On the
basis of the length scale constraint max(` j)� L, (with
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` j being the characteristic length of the j-region and
L denoting the cassette characteristic length) and the
following temporal constraints in terms of the Biot and
Péclet numbers:

O

 `2
σ

DAβ

(
1 + Peσ +

Biση(c̃Aη−c̃Aσ)
c̃Aσ

+
Biσβ(c̃Aσ−c̃Aβ)

c̃Aσ

)
� t∗

(21a)

O

 `2
η

DAη

(
1 + Peη +

Biησ(c̃Aη−c̃Aσ)
c̃Aη

)
� t∗ (21b)

O

 `2
β

DAβ

(
1 + Peβ +

Biβσ(c̃Aσ−c̃Aβ)
c̃Aβ

)
� t∗ (21c)

the governing equations for the concentration
deviations can be written, under a local-mass
equilibrium framework (see details in Whitaker,
1999), as follows:

ṽσ ·∇〈cA〉+ vσ ·∇c̃Aσ = ∇ · (D∗ ·∇c̃Aσ
)

− kσηaση
εσAση

∫
Aση

(c̃Aη − c̃Aσ) dA

+
kσβaσβ
εσAσβ

∫
Aσβ

(c̃Aσ − c̃Aβ) dA, in the σ-region

(22a)

ṽη ·∇〈cA〉+ vη ·∇c̃Aη = ∇ ·
(
DAη∇c̃Aη

)
+

kσηaση
εηAησ

∫
Aησ

(c̃Aη − c̃Aσ) dA, in the η-region

(22b)

ṽβ ·∇〈cA〉+ vβ ·∇c̃Aβ = ∇ ·
(
DAβ∇c̃Aβ

)
− kσβaσβ
εβAβσ

∫
Aβσ

(c̃Aσ − c̃Aβ) dA, in the β-phase (22c)

The above equations are subject to the following
boundary conditions, which result from substituting
the spatial decomposition of the concentration into
equations (10) ( j = η,β):

n jσ · 〈cA〉v j −n jσ ·DA j∇〈cA〉+ n jσ · c̃A jv j

−n jσ ·DA j∇c̃A j = n jσ · 〈cA〉vσ −n jσ ·DAσ∇〈cA〉
+ n jσ · c̃Aσvσ −n jσ ·DAσ∇c̃Aσ, at A jσ (22d)

n jσ ·
(
〈cA〉v j −DA j∇〈cA〉+ c̃A jv j −DA j∇c̃A j

)
= kσ j(c̃A j − c̃Aσ), at A jσ (22e)

To complete the problem statement, periodicity
conditions are imposed at the inlets and outlets of the
unit cell domain:

c̃Aσ(r + li) = c̃Aσ(r), i = 1,2,3 (22f)
c̃Aη(r + li) = c̃Aη(r), i = 1,2,3 (22g)
c̃Aβ(r + l3) = c̃Aβ(r) (22h)

Finally, the concentration deviations are bounded by
the average constraints:

〈c̃Aσ〉σ = 0, 〈c̃Aη〉η = 0, 〈c̃Aβ〉β = 0 (22i)

Due to the linearity of the above boundary-value
problem, the principle of superposition is applied so
that its formal solution can be written in terms of the
source terms as follows ( j = σ,η,β):

c̃A j = b j ·∇〈cA〉+ s j〈cA〉 (23)

Here, the closure variables b j and s j, map the
influence of each source onto c̃A j. Certainly, it may
be argued that the derivations provided here are
restricted to conditions in which the local equilibrium
assumption is applicable and that other more robust
alternatives should be considered as well. While
this is certainly an appealing point that deserves
deep discussion, in this work the local-equilibrium
assumption is adopted with the intention of providing
a first modeling approach that does not bring potential
unnecessary complexities.
With this solution available, it is now possible to
redirect the attention to the unclosed model given by
equations (20). Adding these equations and taking
into account the assumption of local mass equilibrium
gives rise to the following unclosed average equation:

(
εσ + εη + εβ

) ∂〈cA〉
∂t

+ ∇ · (〈cA〉〈v〉σ) + ∇ · (〈cA〉〈vη〉η)
+ ∇ · (〈cA〉〈vβ〉β) + ∇ · (〈c̃Aσvσ〉σ) + ∇ · (〈c̃Aηvη〉η)
+ ∇ · (〈c̃Aβvβ〉β) = ∇ ·

(
D∗ ·∇〈cA〉εσ +DAη∇〈cA〉εη

+DAβ∇〈cA〉εβ
)
+ ∇ ·

D∗ ·
 1

V

∫
Aσ

nσβc̃Aσ dA


+
DAη

V

∫
Aη

nηc̃Aη dA +
DAβ

V

∫
Aβσ

nβσc̃Aβ dA

 (24)

Substitution of the formal solution, given in equations
(23), into the above equation, gives rise to the final
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form of the upscaled model for species-A mass
transport:

∂〈cA〉
∂t

+ ∇ · (〈cA〉ve f f ) = ∇ ·
(
De f f ·∇〈cA〉

)
(25)

The mathematical structure of this model is certainly
anticipated; however, the effective velocity vector
(ve f f ) and the total dispersion tensor (De f f ) can be
predicted from the closure variables fields and they are
defined as follows:

(εσ + εη + εβ)ve f f = 〈vσ〉σ + 〈vη〉η + 〈vβ〉β + 〈vσsσ〉σ

+ 〈vηsη〉η + 〈vβsβ〉β −D∗ ·
 1

V

∫
Aσ

nσβsσ dA


− DAη

V

∫
Aη

nηsη dA− DAβ

V

∫
Aβσ

nβσsβ dA (26a)

(εσ + εη + εβ)De f f = D∗εσ +DAηεηI +DAβεβI

+ D∗ ·
 1

V

∫
Aσ

nσβbσ dA

 +
DAη

V

∫
Aη

nηbη dA

+
DAβ

V

∫
Aβσ

nβσbβ dA− 〈vσbσ〉 − 〈vηbη〉 − 〈vβbβ〉

(26b)

With the above equations, the upscaled model for the
ζ-region is complete and closed. The models derived
here constitute the first part of the contribution of this
work. The second contribution is the determination of
the most favorable design and operating conditions.
This is carried out in the following paragraphs.

5 Aerobic tank analysis

In this section the numerical solutions and analyses
of the mass transport models for the aerobic tank
are developed. This entails the separate simulation
of species A and B through a similar procedure.
The governing equations were numerically solved
in the Comsol-Multiphysics 5.5 software. For the
analysis of both species, a computational mesh with
1000 elements was used. This mesh was selected
for resulting in a negligible error with respect to
finer meshes (2000 elements), and leading to precise
simulations.

The organization of this section is the following:
Firstly, a parametric analysis is conducted to the
dimensionless version of the models described in
section 6. Through these analyses, the applicable
interval of all the parameters and dimensionless
numbers involved in the respective models is
delimited. Secondly, the effect of these is evaluated
over the response variable. The parametric analyses
allow establishing the design and operating conditions
that generate the best results in terms of species A
consumption and species B concentration in the tank.
All studies listed above are carried out assuming
a single floc size. Thereafter, the effect that the
distribution of floc sizes has on the consumption of
LCFA and oxygen is studied.
Before proceeding to the parametric analysis, it is
important to analyze the nature of the aerobic tank
models. With the exception of the Michaelis-Menten
term in the floc models, the governing equations
for mass transport and reaction in the rest of the
phases and regions are linear equations. One of the
main attributes of linear models is the possibility of
using the superposition principle. This implies that
the output due to each input is independent of other
inputs in the model, where each contribution refers to a
different parameter. It is therefore possible to perform
a series of simulations of a linear system examining
each input separately. Thus, the output of the system
for any combination of inputs is the sum of the outputs
of the individual simulations (Gray & Gray, 2017).
As for the Michaelis-Menten term, the numerical
solutions for this type of model can be approximated
by linear models of order one and zero (Valdés-Parada,
Alvarez-Ramirez, & Ochoa-Tapia, 2005). This allows
to proceed with the analysis of these equations in the
same way as for a linear model and not requiring
the analysis of the interaction between the different
parameters involved.

5.1 Species A

In order to obtain the dimensionless mass transport
equations for species A, the following definitions are
introduced:

D∗A =
DA

DAβ
, R f = max(R j), R∗j =

R j

R f
, r∗ =

r
R f
, t∗A =

tA
tDA

,

tDA =
R2

f

DAβ
, cη∗A =

cηA
cλ
, c∗Aηe =

cAηe

cλ
, c∗Aω j =

cAω j

cλ
,

α∗PA
=
αPA

cλ
, µ∗APA j =

µAPA jtDA

cλ
, εη =

Vη
V
, Q̇∗eη =

Q̇eηtDA

V
,
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Q̇∗sη =
Q̇sηtDA

V
, φ2

λη =
kληR f

DAβ
, a∗ηλ =

AηλR f

V
,

a∗Aηω j =
Aηω jR f

V
, BiA j =

kηωA j R f

DAβ
(27)

where ∗ is employed to denote the dimensionless
nature of each quantity. R f is the maximum floc radius.
D∗A is the ratio between the effective diffusivity and
the molecular diffusion coefficients for species A. t∗A
is the dimensionless time and tDA is the characteristic
diffusion time, for species A. Additionally, BiA j
represents the Biot number for species A between the
η and ω regions at its j-th size, and φ2

λη is defined as
the Thiele modulus at the boundary between the λ and
η zones.
Once the dimensionless model is obtained, the interval
values for every parameter and dimensionless number
required for species A model were determined. These
are reported in table 1.
Given the absence of specific bibliographic references
for biological systems of this type, chemical/biological
reactor references were further limited by evaluating
simulations within the range of values reported.
Therefore, the resulting intervals shown for the
different dimensionless numbers1 were fixed in

agreement with the literature. In contrast, the
thermodynamic equilibrium constant (K∗A) was
assumed equal to 1, limiting the simulations to
the particular case where both intracellular and
extracellular concentrations inside the flocs are in
equilibrium.
The purpose of the aerobic tank is to carry out the
maximum possible oxidation of LCFA. The remaining
substrate becomes the feed of the membrane tank,
as it is carried with the η-region. For this reason,
the response variable for the following analysis is
the concentration of species A in the η-region. In
order to quantify the magnitude of the variation of
this response variable during the stationary phase, a
parametric sweep was executed. This study enables
not only the identification of the parameters to which
the model is more sensible, but also the recognition of
the type of effect produced over the response variable.
The result of these parametric sweeps are shown in
figure 4. It can be noticed that the effect generated
by each parameter varies throughout its evaluated
domain. In order to quantify the impact and compare
between parameters, the slope of each curve was used.
As seen in table 2, the classification of the parameters

Table 1: Species A parameters intervals.

Parameter Min Max Reference

BiA 0.1 10 Valdés-Parada et al. (2005)

φ2
λη 0.1 2 Valdés-Parada et al. (2005); Villadsen (2016)

a∗ηω 0.1 1

a∗ηλ 0.1 1

εe 0.1 1 Chu and Lee (2004a); Wood and Whitaker (2000)

εPA 0.1 1− εe − εNA

K∗A 1

µ∗PA
1×10−6 9 Hsu et al. (1983); Nakhla et al. (2006)

α∗PA
1×10−3 9 Javed et al. (2018); Ji, Chen, Zhang, Lin, and Wei (2015)

εη 0.6 1

Q̇∗e 3× 10−5 5× 10−5 (GE, 2014)

k 0.25 Wood and Whitaker (2000)

1i.e., the Biot number at the boundary between the flocs and the η-region (BiA), the Thiele modulus at the boundary between the oil phase and
the liquid region (φ2

λη
), the interfacial area between the η-region and the flocs (a∗ηω), the interfacial area between the η-region and the oil phase

(a∗
ηλ

), the volumetric fraction of cells that consume LCFA (εPA ) and the volumetric fraction of the η-region with respect to the total volume of
the aerobic tank (εη).
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was done according with the magnitude order of
the maximum change in slope, where substantial
effect of the parameter corresponds to a magnitude
order of 102 and minimum effect is equivalent to a
magnitude order of 10−2. This analysis was performed
within the complete parameters domain, but it is
reported for the magnitude interval where the effect
was more significant (according to the third column).
Furthermore, as the magnitude of the parameters
increase, it results in either a negative or positive
effect over the response variable, evidenced by the
slope sign. This helps to understand the intervals in
which the system is more sensible, and contributes to
the magnitude selection of the design and operational
conditions to favor species A oxidation. Parameters
such as BiA and α∗PA

generate very small changes

on the concentration of species A, while the most
influencing factors that contribute to the concentration
of LCFA in the η-region are a∗ηω (interfacial area per
unit volume of the flocs), εe (proportion of the floc
volume that represents the extracellular matrix) and
εPA (volumetric fraction of the cells that are capable
of oxidizing LCFA with respect to those unable). This
reflects the importance of floc quality in the operation
of these bioreactors.
Once the parameters interval is established, and
quantified the repercussion of their variation, it
proceeds the selection of the magnitude that allows
representing the phenomenon that takes place in
the aerobic tank. The parameter values, as well as
the result for the species A concentration dynamics,
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Fig. 4: Analysis of the effect generated by the variation of each parameter over the dependent variable.

Table 2: Parameter effect size for species A.

Parameter Maximum change in slope Condition of maximum change

a∗ηω -188.7 0.6−0.8

εe 192.28 0.7−0.8

εPA -132.4 0.2−0.3

µ∗PA
-81.68 1x10−6−9

φ2
λη 19.79 1−2

a∗ηλ 11.54 0.8−1

α∗PA
0.76 1x10−3−9

BiA -0.01 0.1−0.5
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are shown in figure 5. Here, initial dimensionless
concentration inside the flocs was fixed at 0.05.
With the passage of time, the concentration dynamics
exhibit a slight change in slope due to the increasing
transport rate to finally oxidize this excess of LCFA
and find steady conditions around the dimensionless
time t∗ = 6. The same tendency is observed in
the flocs interfacial dimensionless concentration. In
the η-region, the concentration of dissolved LCFA
decreases following a sigmoidal pattern due to the
consumption taking place inside the flocs, until finding
a simultaneous point of stability with the average
concentration inside of the flocs and at their boundary.
The final value of the dimensionless concentration of
LCFA is 0.17 in the liquid region.
According to the literature, MBRs, and in general,
systems involving flocular biomass, do not contain a
single and uniform floc size, but rather have a size
distribution (Chu & Lee, 2004b; Delgado, Villarroel,
Gonzalez, & Morales, 2011; Shen et al., 2015;
Spérandio, Masse, Espinosa-Bouchot, & Cabassud,
2005; Wu, He, & Zhang, 2012). To generate the size
distribution in the present work, six different sizes
were selected, and considering the percentage of the
volume reported for each of them, the distribution was
incorporated into the simulation program. The result is
shown in figure 6. The average concentration of each
floc radius is plotted here, where the largest floc size is
55 µm and the smallest one is 5 µm.
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Fig. 5: Dimensionless concentration of species A as
function of the dimensionless operating time. BiA = 1,
φ2
λη = 0.15, a∗ηω = 0.9, a∗ηλ = 0.8, εe = 0.7, εPA =

0.25, K∗A = 1, µ∗PA
= 9, α∗PA

= 0.003, εη = 0.85,
Q̇∗e = 0.00003, k = 0.25. Initial conditions: cη∗A0 = 1,
c∗Aω j0 = 0.05.
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Fig. 6: Dimensionless concentration of species A
as function of the dimensionless operating time,
considering floc size distribution. BiA = 1, φ2

λη = 0.15,
a∗ηω = 0.9, a∗ηλ = 0.8, εe = 0.7, εPA = 0.25, K∗A = 1,
µ∗PA

= 9, α∗PA
= 0.003, εη = 0.85, Q̇∗e = 0.00003,

k = 0.25. Initial conditions: cη∗A0 = 1, c∗Aω j0 = 0.05.

As the radius of the flocs decreases, the average
dimensionless concentration of the LCFA within them
is higher, showing a low oxidation capacity of this
species. As can be seen and comparing with figure
5, the average LCFA consumption among all flocs
decreases. This can be attributed to the fact that when
defining the size distribution, flocs smaller than the
one initially contemplated (55 µm) are incorporated. In
synergy, a lower consumption of LCFA occurs when it
is considered that not all flocs are of the largest floc
size.
This concludes the analysis of the dynamics of species
A concentration in the aerobic tank. These results will
be used as input values for the simulations presented
in section 6. In the following section the analysis of
the dynamics of the oxygen concentration within the
aerobic tank is shown.

5.2 Species B

To begin the analysis for this chemical species, it
is convenient to recast the model in terms of the
following dimensionless definitions:

D∗B =
DB

DBβ
, r∗ =

r
R f
, t∗B =

tB

tDB

, tDB =
R2

f

DBβ
, cγ∗B =

cγB
cBγd

,

cη∗B =
cηB

cBγd
, c∗Bω j =

cBω j

cBγd
, α∗PB

=
αPB

cBγd
, µ∗BPB j =

µBPB jtDB

cBγd
,
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εη =
Vη
V
, εγ =

Vγ
V
, Q̇∗eη =

Q̇eηtDB

V
, Q̇∗sη =

Q̇sηtDB

V
,

Q̇∗dγ =
Q̇dγtDB

V
, Q̇∗supγ =

Q̇∗supγtDB

V
, Biγη =

kγηR f

DBβ
,

BiB j =
kηωB j R f

DBβ
, a∗ηγ =

AηγR f

V
, a∗Bηω j =

Aηω jR f

V
(28)

Here BiA j represents the Biot number for species A
between the η and ω regions at its j-th size, and Biγη
is the Biot number between the γ and the η zones.
Considering the above definitions, numerical
simulations of the species B model were developed.
First, the values of the parameters were delimited.
Table 3 shows the lower and upper limits for the
magnitude of each of the parameters required to
carry out the numerical simulations of oxygen in the
aerobic tank. It can be noted that some of these have
the condition that they must adopt the same range
of values as for species A, this is applied to shared
parameters and to avoid interfering with the best
conditions for LCFA degradation.
As shown with species A, it is necessary to implement
an analysis to evaluate the magnitude of each
parameter that allows representing the phenomenon of
oxygen consumption in the aerobic tank. To facilitate
this, the results of the effect size estimation are shown

below. Figure 7 shows curves for the change generated
in the dependent variable according to the variation
of each parameter. It is possible to note in table 4,
that the parameters that produce the greatest change
in concentration are the volumetric air flow rate
(Q̇∗d) and the maximum specific oxygen consumption
rate (µ∗PB

). For this species, there is a greater number

10−4 10−3 10−2 10−1 100 101
0.65

0.7

0.75

0.8

0.85

0.9

0.95

Magnitude

cη
∗
B

in
st
ea
d
y
st
a
te

a∗ηγ
εη
εγ
BiB
Biγη
µ∗
PB

α∗
PB

Q̇∗
d

εPB

Fig. 7: Analysis of the effect generated by the variation
of each parameter over the dependent variable.

Table 3: Species B parameters intervals.

Parameter Min Max Reference

a∗Bηω 0.1 1 Limited to 0.9 by species A

a∗ηγ 0.1 1 Das, Bandopadhyay, Parthasarathy, and Kumar (1985)

BiB 0.1 10 Valdés-Parada et al. (2005)

Biγη 0.1 10 Valdés-Parada et al. (2005)

εe 0.1 1 Limited to 0.7 by species A

εPB 0.1 1-εe

K∗B 1

µ∗PB
1×10−5 0.9 Garcia-Ochoa, Gomez, Santos, and Merchuk (2010)

α∗PB
1×10−3 0.09 Khakpour et al. (2017); Mines (2019)

Q̇∗e 3×10−5 5×10−5 Limited to 0.0003 by species A

k 0.25 Wood and Whitaker (2000)

εη 0.6 1 Limited to 0.85 by species A

Q̇∗d 1×10−3 0.024 (Moilanen, Laakkonen, & Aittamaa, 2005)

εγ 0.1 0.4 (Das et al., 1985)
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of parameters that have practically no effect on
the response variable, unlike for species A. These
parameters are: the volumetric fraction of the γ-phase
in the reactor (εγ), the interfacial area per unit volume
between the η-region and the γ-phase (a∗ηγ), the Biot
number at the boundary between the flocs and the
η-region (BiB) and the Biot number between the η-
region and the γ-phase (Biηγ). For this species, the
range of magnitudes where the parameters generate
their greatest effect is not shown, due to the fact that
throughout its domain the slope is practically constant.

Table 4: Parameter effect size for species B.

Parameter Maximum change in slope

Q̇∗d 56.42

µ∗PB
-26.52

εPB -0.5

α∗PB
0.19

εγ -0.7

a∗ηγ 0.00037

BiB 0.0004

Biηγ 0.0019
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Fig. 8: Dimensionless concentration of species B as
function of the dimensionless operating time. a∗Bηω =

0.9, a∗ηγ = 0.7, BiB = 5, Biγη = 1, εe = 0.7, εPB =

0.28, K∗B = 1, µ∗PB
= 0.08, α∗PB

= 0.00257, εη = 0.85,
Q̇∗e = 0.00003, k = 0.25, εγ = 0.12, Q̇∗d = 0.01. Initial
conditions: cγ∗B0 = 1, cη∗B0 = 0.2, c∗Bω j0 = 0.2.

10−4 10−3 10−2 10−1 100 101 102 103
0

0.2

0.4

0.6

0.8

1

t∗B

c∗B

55µm

cγ∗B
cη∗B
45µm
35µm
25µm
15µm
5µm

Fig. 9: Dimensionless concentration of species B
as function of the dimensionless operating time,
considering floc size distribution. a∗Bηω = 0.9, a∗ηγ =

0.7, BiB = 5, Biγη = 1, εe = 0.7, εPB = 0.28, K∗B = 1,
µ∗PB

= 0.08, α∗PB
= 0.00257, εη = 0.85, Q̇∗e = 0.00003,

k = 0.25, εγ = 0.12, Q̇∗d = 0.01. Initial conditions:
cγ∗B0 = 1, cη∗B0 = 0.2, c∗Bω j0 = 0.2.

During the aerobic tank operation, the objective
is to maintain the dissolved oxygen concentration
stable at around 30% to avoid oxygen limitations
(Wang & Zhong, 2007). It is possible to observe,
in figure 8, the oxygen concentration of the γ-phase
dropping since the start of aeration, and subsequently,
reaching equilibrium with the η-region at around 30%
saturation. Within the flocs, the concentration features
a slight alteration but, at all times, it remains between
0.2 and 0.3.
As for the analysis of species A, it is important to
consider the size distribution of the flocs at this point,
due to the fact that this can affect the rate of oxygen
consumption. Considering the same size distribution
as for the LCFA, figure 9 is obtained. It is possible
to note that due to the presence of smaller flocs
(<55 µm in radius), the oxygen consumption is, on
average, less than when the distribution of floc sizes
is not considered. The analysis allows to conclude
that the largest flocs consume the greatest amount of
this chemical species; therefore, oxygen consumption
analysis can always be performed using the largest
floc size as a reference. In this way, there is sufficient
oxygen supply so that the consumption of the carbon
source is not limited.
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5.3 Best design and operating conditions

From the analysis carried out in this section, the best
design and operating conditions for the aerobic tank
were identified. The design parameters are those that
are established prior to the operation of the reactor and
they cannot be modified once the process is started. On
the contrary, the operating parameters are those that
can be modified during the degradation of LCFA.
Based on this distinction, the best dimensionless
design conditions for the aerobic tank are: Large
interfacial areas between the liquid and the floc per
unit volume (a∗ηω and a∗Bηω), with values close to,
but below, one. Similarly, it is recommended to have
interfacial areas between the liquid region and the oil
phase and between the liquid and the air bubbles per
unit volume (a∗ηλ and a∗ηγ, respectively) close to, but
less than, one. This can be interpreted as flocs, micelles
and bubbles, either small and/or in large quantities.
The exact dimensionless values that generate the best
operating conditions for the interfacial areas are: a∗ηω =

a∗Bηω = 0.9, a∗ηλ = 0.8 and a∗ηγ = 0.7. A low hydrolytic
rate is desired in the aerobic tank, which is determined
by the Thiele modulus value and it is desirable to
maintain it below one. According to the analysis, the
recommended value is φ2

λη = 0.15. It is important
to mention that, although this is considered a design
parameter, it is possible to modify it momentarily by
the addition of hydrolytic enzymes, if that were the
case. Regarding the quality of the flocs to be used, it
is advantageous to operate with the presence of the
largest possible cellular fraction and acclimatize the
cells to grow with high LCFA contents to have high
oxidative rates (µ∗PA

close to 10) with low saturation
constants (α∗PA

≤10−3). For this reason, volumetric
fractions for the extracellular matrix are recommended
to be kept below 0.7 and volumetric fractions for cells
that consume LCFA as high as possible (limited, of
course, by the fraction of the extracellular matrix). The
values used in this work correspond to µ∗PA

= 9, α∗PA
=

0.003, εe = 0.7 and εPA = 0.25. For oxygen, there is
no limitation for the degradation of LCFA as long as
the dimensionless specific rate of consumption of this
substrate and the saturation constant are lower or equal
to 10−2. In this study µ∗PB

= 0.08 and α∗PB
= 0.00257,

were used. Due to the fact that it is an aerobic tank,
the volumetric fraction of cells that consume oxygen
is expected to be high (εPB = 0.28 in this study), found
far from zero and with an upper limit depending on
the volumetric fraction representing the extracellular
matrix. Finally, the liquid region inside the tank must
represent the majority of the total volume (established

in this study as εη = 0.85), so the volumetric fraction of
air must be minor (established at εγ = 0.12). However,
the change in the fraction of the liquid region does not
represent large changes in the degradation of LCFA
and oxygen consumption.
The best dimensionless operating conditions for
the aerobic tank are given by: Low dimensionless
volumetric feed flow rates for the reactor, of the order
of 10−5. As a result of this work, Q̇∗e = 0.00003 was
established. Furthermore, it is desired to have low
mass transport resistances between the liquid region
and the flocs, both for the LCFA and for oxygen. This
translates into values for the Biot numbers greater or
equal than one, and according to the previous analysis
they were fixed at BiA =1 and BiB =5, respectively.
This is achieved by maintaining high agitation rates
by high dimensionless volumetric air flows (of the
order of 10−2), using in this work Q̇∗d = 0.01. It is
also desirable that mass transport resistances between
the bubbles and the liquid region become minimal.
This motivates recommending achieving Biot number
values greater or equal than one (Biηγ = 1). Despite
having obtained a single value as a result of this
study, both for design and operating parameters, this
does not mean that they cannot oscillate around these
magnitudes when applied experimentally to a system.
The quantitative contributions of this work are
expressed through parameters and dimensionless
numbers. The specific dimensional value for each
parameter depends on the configuration and operating
conditions of the system under study. It is therefore
possible to obtain dimensional values that satisfy what
was found in this parametric analysis by using the
definitions given in this section for the aerobic tank. In
this way, dimensionless numbers and parameters can
be used for any type of aerobic tank that meets the
model assumptions detailed previously. Furthermore,
making use of the results obtained, it is possible
to detect, in advance, the sensitivity of the system
under study (including physically existing systems)
to changes in operating parameters. Moreover, the
model solution allows determining the dynamics of
the concentration, where stable phases and phases with
drastic changes are identified. At the same time, with
the numerical simulations, it is possible to determine
operating times in which strict control of the reactor
is necessary and predict the time in which the system
reaches the steady state. These last two points can
be used to facilitate operational decision-making in
wastewater treatment plants.
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6 Membrane tank analysis

In this section the parametric and numerical analysis
of the membrane tank was developed. In order to
achieve this, the section is organized in two parts:
First, the parametric analysis of the mass transport
of species A is conducted, and the intervals where
the parameters can be used are reported. Second, the
results for the 3D model of the membrane tank are
shown, involving both momentum and mass transport,
and corresponding to the most favorable transport
conditions. Momentum transport was assumed quasi-
steady with respect to mass transport. The latter is
coupled to momentum transport but the opposite is not
true.
Similarly to the aerobic tank, the dimensionless model
for mass transport was programmed in Comsol-
Multiphysics 5.5. For this purpose, the following
dimensionless definitions are given:

c∗Aζ =
cAζ

cλ
, c∗Aη =

cAη

cλ
, c∗Aζ0 =

cAζ0

cλ
, c∗Aη0 =

cAη0

cλ
,

D∗e f =
De f

DAβ
, D ∗Aη =

DAη

DAβ
, tD =

`2
c

DAβ
, t∗ =

t
tD
,

∇∗ = ∇`c, H∗ =
H
`2

c
, v∗e f =

ve f

vre f
, v∗η =

vη
vre f

,

evre f =
vre f

vre f
, v∗e f sup =

ve f sup

vre f
, 〈v〉∗ =

〈v〉
vre f

,

P ∗η =
Pη

ρηv2
re f

, P ∗atm =
Patm

ρηv2
re f

, 〈P 〉∗ =
〈P 〉
ρcv2

re f

,

Re =
ρηvre f `c

µ
, Rec =

`cρcvre f

µprom
, Pe =

vre f `c

DAβ
,

Biηζ =
kζ`c

DAβ
, Biζo =

ko`c

DAβ
(29)

where tD is the characteristic time of diffusion for the
species A in the membrane tank, vre f is the reference
speed, which is the maximum reached within the
system and evre f is a unit vector in the direction of the
reference velocity. Also, Pe is the Péclet number and
Patm is the atmospheric pressure. As it can be noted,
two different Reynolds numbers have been defined,
one for the η-region (Re) and one for the ζ-region
(Rec). This means that the movement of the fluid in and
out of the ultrafiltration cassettes may have different
flow regimes due to the different ratios of inertial and
viscous contributions.
The mathematical models corresponding to the η-
region and the ζ-region were numerically solved

using the laminar flow and the Darcy-Brinkman
modulus, respectively, which are available in the
Comsol software. The reason to adopt the Darcy-
Brinkman module, instead of the Darcy module, is
due to the fact that the average velocity within the
ultrafiltration cassettes undergoes spatial changes near
their boundaries, which cannot be predicted using
simply Darcy’s law. As a first approximation, the
resistance to momentum transport between the η and
the ζ regions is not considered. This leads to maximum
values of convective mass transport, with respect to
diffusive transport as it will be clearly evidenced
later. Furthermore, due to the lack of consensus
on the best alternative for the a priori definition
of the jump coefficient α in the Beavers-Joseph
boundary condition, it is advantageous to reduce this
degree of freedom, which, in addition, facilitates
numerical simulations. However, the foregoing does
not represent an impediment for the analysis of the
transport mechanisms of the membrane tank, and it
does not have a major impact on the mass transport
of the species within the ultrafiltration cassettes, as the
findings indicate.
It is important to mention that the results reported
here were obtained using a computational mesh
calibrated for fluid dynamics with 72,552 elements.
This mesh, compared to finer meshes (145,055
elements), generates less than 2% error in the results;
therefore is considered sufficiently accurate. It should
also be addressed that the dimensionless values for the
effective diffusivity coefficient (D∗) and the effective
dispersion tensor (De f f ) of species A were estimated
from the Rayleigh (1892) model, incorporating a
correction factor (Whitaker, 1999) due to the existing
convection in the system. Moreover, the dimensionless
form of the apparent permeability coefficient (H∗) was
estimated through the equation proposed by Chai, Lu,
Shi, and Guo (2011); because of this, H∗ is reduced
to the isotropic permeability tensor and it depends
of the volumetric fraction of the total fluid in the
ultrafiltration cassettes.
All the models, with the exception of the one that
governs the fluid outside the cassettes (Navier-Stokes
equation), are linear equations. However, under low
Reynolds flows (creeping flows), it is possible to
simplify the parametric analysis. For this purpose,
a comparative study between the creeping and the
laminar flow modules from Comsol Multiphysics
was performed. The magnitude of the velocity was
measured at different points of the reactor: areas near
the feed port, between the ultrafiltration cassettes, and
near the side surfaces of the tank. In addition, the flow
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patterns defined by the velocity streamlines resulting
from both numerical solutions were compared. The
results were quite similar in terms of direction,
suggesting the predominance of convective mass
flux. In the rest of the zones, the lesser degree of
similarity between the results obtained is not important
because convection is not the principal mass transport
mechanism of species A. Based on the above, it
can be concluded that the flow within the membrane
tank is predominantly creeping and therefore both the
creeping and laminar flow modulus can be used for
these numerical simulations. Since this model under
creeping flow conditions is linear, it follows that all
equations governing transport both inside and outside
the ultrafiltration cassettes can be analyzed as linear
models.
Through the parametric analysis, developed similarly
to the one applied to the aerobic tank, the parameters
interval was established as shown in table 5. After
having analyzed the dimensionless parameters and
numbers involved in the mathematical model, it is
possible to select the values that generate a better
representation of the physical system being modeled.
Unlike the aerobic tank, an effect size study is not
presented here, since few parameters truly contribute
to an increase or decrease in the concentration of
species A from the tank. Under constant geometry
and fluid properties, the most important parameters
identified are the Biot numbers that define the
permeability of the membrane; as well as the Péclet

number, on which depends the speed of the fluid
responsible for the convective species mass transport.
The most favorable conditions are high resistance
to mass transport at the hollow fibers surface, as
well as low resistance to mass transport between
the hollow fibers and the permeate. Furthermore, it
is necessary to operate at low flow rates to avoid
promoting convective transport into the cassettes,
which is reflected in small values for the Péclet
number (i.e., Pe ≤ 1). All of the above is to obtain
desirable values of the response variable, which means
outlet concentrations of the chemical species in the
permeate that help complying with environmental
regulations.
The values for the parameters are presented in
figure 10 and the dynamics of the dimensionless
concentration of the LCFA as a function of time is
plotted. This result was obtained after considering
the coupled nature of both aerobic and membrane
tanks, where the dimensionless concentration
of species A in the η-region at the feed of the
membrane tank corresponds to the dimensionless
average concentration of the η-region in the
aerobic tank (cη∗A = 0.17). As can be seen, once
the tank is fed with the effluent from the aerobic
tank, the dimensionless average concentration of
species A in each of the ultrafiltration cassettes
permeate increases. This starts at dimensionless
time of t∗ = 10 and resembles a sigmoidal curve,

Table 5: Validity interval of parameters for the membrane tank.

Parameter Min Max Reference

εβσ 0.6 0.9 Farahani, Rabiee, Vatanpour, and Borghei (2015); Zheng, Wang, Yang, and Cui (2006)

Pe 0.01 3 Ding, Liu, and Xu (2013); Skoneczny and Cioch (2018)

Biηζ 0.1 1 Valdés-Parada et al. (2005)

Biζo 1 7 Valdés-Parada et al. (2005)

ε f 0.4 0.85

εσ 0.1 1−ε f

εγ 0.1 1

εl 0.1 1−εσ − εγ
Re 10−3 < 102 Limited by the Pe

Rec 10−3 < 101 Limited by the Re

c∗Aηe 0.17 Limited by the aerobic tank

c∗Ao <0.1 Liu, Nakhla, and Bassi (2004); Nakhla, Al-Sabawi, Bassi, and Liu (2003)
Acharya, Nakhla, Bassi, and Kurian (2006); Kurian, Nakhla, and Bassi (2006)
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Fig. 10: Dynamics of the dimensionless concentration
of the species A as a function of the dimensionless
operating time in the membrane tank. Biηζ = 0.1,
Biζo = 7, Pe = 1, εβκ = 0.7, εσ = 0.6, εl = 0.3,
ε f = 0.4, cη∗Ae = 0.17, c∗Aηe = 0.17. Initial conditions:
c∗Aη0 = 0, c∗Aζ0 = 0.

which reaches the steady state before t∗ = 100.
In turn, the dimensionless concentration in the η-
region outside the cassettes remains very close to
zero and shoots up between t∗ = 0.1 and t∗ = 10,
to finally reaching the steady state at the same time
as the concentration inside the effective media. The
final dimensionless concentrations at the permeate
of the cassettes are very similar and are around
0.015, while the dimensionless concentration outside
of them is 0.08. This corresponds to the reported
efficiencies for MBRs, and allows producing effluents
with characteristics close to those required by Mexican
norms for national waters discharge (SEMARNAT,
2018).

6.1 3D modeling of the membrane tank

To complement the membrane tank analysis, the
following paragraphs show the results of the
velocity streamlines, total flux and gradient of the
concentration of LCFA. The selected time shown for
the total flux and concentration gradient corresponds
to t∗ = 100, where, according to figure 10, the system
is already operating under steady state conditions. The
dynamics of previous times is not shown, however, a
summary of the phenomena taking place is provided.
In figure 11 the velocity streamlines within the
membrane tank are plotted. It is possible to notice
a higher speed at the feeding of the tank, being
its dimensionless magnitude the maximum. Once the

fluid enters the tank and moves away from the feed
port, the velocity decreases. The velocity streamlines
show two main patterns: A descending pattern, which
mobilizes the fluid from the tank surface towards the
upper-middle part of the ultrafiltration cassettes. A
second pattern exhibits mobilization from the inlet and
to the distal parts of the tank, to later move towards the
cassettes. Also, it can be noticed a fluid stream that
moves transversely under the three cassettes. These
streamlines, by intercepting the rear wall of the tank,
create an upward flow throughout the rear of the tank.
The aforementioned streamlines eventually enter the
cassettes through all of their surfaces.
Similarly, velocity streamlines for the interior of the
ultrafiltration cassettes are reported in figure 12. The
patterns observed in the three cassettes are similar,
especially the acceleration of the fluid at the top of
the cassettes. This acceleration is due to the negative
pressure exerted on the permeate during the filtration
process, and that, at the exit of the hollow fibers,
produces a more noticeable change in the fluid speed.
Due to this pressure difference, the cassettes flow
pattern is directed upwards at all times. It should
be noticed that the maximum dimensionless velocity
inside the cassettes is slower than on the outside of
them.
Results for the total flux and the concentration
gradient are presented below, which allow elucidation
of the mass transport mechanisms taking place in
the system. First, the total mass flux result is given.
Through time, a defined pattern for the streamlines of
total flux is developed. This pattern, when compared
to the convective velocity streamlines (see figures 11

Fig. 11: Velocity streamlines inside the membrane
tank. Re = 1×10−3, Rec = 5×10−4, εβκ = 0.7, εσ = 0.6,
(εη + εβ) = 0.3, (εη + εβ + εγ) = 0.4.
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Fig. 12: Velocity streamlines inside the ultrafiltration
cassettes of the membrane tank. Re = 1× 10−3, Rec =

5×10−4, εβκ = 0.7, εσ = 0.6, (εη+εβ) = 0.3, (εη+εβ+

εγ) = 0.4.

Fig. 13: Streamlines of the total flux inside the
membrane tank, t∗ = 100. Biηζ = 0.1, Biζo = 7, Pe = 1,
εβκ = 0.7, εσ = 0.6, (εη+εβ) = 0.3, (εη+εβ+εγ) = 0.4,
cη∗Ae = 0.17, c∗Aηe = 0.17. Initial conditions: c∗Aη0 = 0,
c∗Aζ0 = 0.

and 12), provides the majoritarian mass transport
mechanisms. Though not clear at initial times,
from time t∗ = 1 it can be noticed the main
contributions of convective transport outside the
ultrafiltration cassettes, mainly on the lower section of
the membrane tank and proximal to the inlet, where
the concentration of species A is maximum. Only
in the upper section of the tank, the convective and
the diffusive mass transport contribute equally. The
above mechanisms are maintained until reaching the
steady state conditions and the total flux streamlines
are displayed in figure 13.

Fig. 14: Streamlines of the total flux inside the
ultrafiltration cassettes of the membrane tank, t∗ =

100. Biηζ = 0.1, Biζo = 7, Pe = 1, εβκ = 0.7, εσ = 0.6,
(εη + εβ) = 0.3, (εη + εβ + εγ) = 0.4, cη∗Ae = 0.17,
c∗Aηe = 0.17. Initial conditions: c∗Aη0 = 0, c∗Aζ0 = 0.

Inside the cassettes, diffusion represents the main
mass transport mechanism. This is due to the lower
speed of the fluid inside the cassettes with respect
to the outside of them. However, convective transport
becomes relevant in the upper section of the cassettes.
In figure 14, the corresponding total mass flux
streamlines inside the cassettes are reported at the
same dimensionless time condition considered in the
previous figure. These results show that under steady
conditions, the effect of the negative pressure remains,
evidenced by a domination of the diffusive mass
transport in the z component, and to a lesser extent,
in the x and y directions. The effect of the location of
the feed port over the total mass flux is, in contrast,
less evident in the three ultrafiltration cassettes. As
for the magnitude of diffusive transport, in the z
component of the cassettes it represents more than
93% of total mass transport domain-wide. In the
middle and lower section it accounts for 98−99%,
while in the upper zone it contributes to 93-98%.
In the x component, the diffusion in the middle and
lower section of all cassettes represents between 90
and 100% of the total mass flux, while in the region
closest to the tank surface this percentage decreases
in some zones, resulting in values above 50%. Only
in the x component, and in the region of the cassette
closest to the tank feed, does the ratio of diffusive
transport to total flux drop to around 40%. For its
part, in the y component, the low and middle sections
of the cassettes retain the same proportions as in
the x component; however, the upper part of the
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Fig. 15: Surface plot of the dimensionless
concentration of species A inside the membrane
tank, t∗ = 100. Biηζ = 0.1, Biζo = 7, Pe = 1, εβκ = 0.7,
εσ = 0.6, (εη + εβ) = 0.3, (εη + εβ + εγ) = 0.4,
cη∗Ae = 0.17, c∗Aηe = 0.17. Initial conditions: c∗Aη0 = 0,
c∗Aζ0 = 0.

Fig. 16: Surface plot of the dimensionless
concentration of species A inside the ultrafiltration
cassettes of the membrane tank, t∗ = 100. Biηζ = 0.1,
Biζo = 7, Pe = 1, εβκ = 0.7, εσ = 0.6, (εη + εβ) = 0.3,
(εη + εβ + εγ) = 0.4, cη∗Ae = 0.17, c∗Aηe = 0.17. Initial
conditions: c∗Aη0 = 0, c∗Aζ0 = 0.

cassettes presents a lower contribution by diffusion
in mass transport, with respect to the previously
described component. In this area, a lower proportion
of diffusive transport was observed, representing in
most of the area, between 40 and 80% of the total mass
flux.
In figures 15 and 16, surface plots corresponding to
the spatial distribution of species A outside and inside

the filtration cassettes are reported under steady-state
conditions. It is possible to observe that there is still a
marked concentration gradient of the chemical species
throughout the tank. This gradient is probably formed
due to the uptake generated by a pressure gradient
in the first cassette. The LCFA are mostly retained
here; therefore, the concentration of species A in the
rear region of the tank is lower than that of the inlet.
Furthermore, because the second cassette performs a
similar action, at the back section of the tank the
dimensionless concentration of the chemical species
is already one order of magnitude smaller than that of
the inlet.
As shown in figure 16, the concentration in the fluid
external to the cassettes influences the saturation of
these regions; therefore, the permeate concentration.
This is mainly noticed in the first cassette, where the
contact with greater quantities of species A favors
the saturation, and to a lesser extent in the other
two cassettes. A characteristic conserved through time
is the higher saturation in the upper section of all
the cassettes with respect to the rest of them; this
is attributed to the location of the feeding port.
Something that should be noted is that the average
dimensionless concentration at the permeate of the
cassettes is maintained at all times between 1.5×10−2

and 2×10−2 (which represents between 1.5 and 2%
of the initial LCFA concentration in the aerobic
tank). This corresponds to experimentally reported
data for this type of reactors (Acharya, Nakhla, &
Bassi, 2006a, 2006b; Kurian et al., 2005; Liu et al.,
2003; Nakhla et al., 2006). The fat-reducing ability of
MBRs (by up to 98%) results in approximate LCFA
concentrations at the permeate outlet of less than 29.2
mg L−1.
It is worth mentioning that the numerical simulations
carried out in this work are computationally less
demanding than those corresponding to CFD where
an effective medium approach is not used to model
transport inside the ultrafiltration cassettes. In this
way, it can be said that the type of modeling
developed in this work is more versatile than CFD type
simulations, maintaining the essential information of
the various scale levels of this multiphase system.

6.2 Best design and operating conditions

From the analysis carried out for the membrane
tank, the best design and operating conditions were
identified and those corresponding to design can be
summarized as follows: It is desirable that the porosity
of the medium that makes up the hollow fibers is
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high (about 0.75), while the volumetric fraction of
the filter medium in the domain of the cassettes takes
values around 0.6. Finally, because the fraction of
filter medium in the ultrafiltration cassettes must be
high, this limits the liquid fraction to be less than 0.5,
using εη + εβ = 0.3 in this work. When including the
gas phase, the fluid fraction should not exceed 0.5
either; consequently, it was fixed in this study to be
εη + εβ + εγ = 0.4.
In addition, the best dimensionless operating
conditions for the membrane tank were found to
be: High resistances to mass transport between the
liquid and the membrane, which correspond to Biot
number values less than one and preferably close
to zero (i.e., Biηζ = 0.1). In addition, low mass
transport resistances between the hollow fibers and the
permeate are required, given by Biot number values
greater or equal to one and lesser or equal to seven.
This is related to the fluid velocity surrounding the
cassettes, since the lower the degree of agitation, the
greater the resistance to mass transport. The velocity
is controlled indirectly through the Péclet number.
Small magnitudes are preferable for it, less than or
equal to 3 (in this analysis Pe =1). By means of
the Schmidt number, the values of the Pe limits the
magnitude of the Reynolds number to values below
10−2 outside the ultrafiltration cassettes and below
10−1 inside them.

Conclusions

In this work, a mathematical model was derived to
describe reaction and mass transport within membrane
bioreactors. The model has the characteristic of
filtering information from the microscopic scale to the
reactor level.
The mathematical model for the aerobic tank consists
of two equations for the transport and reaction of
the LCFA, and three equations for oxygen; plus two
continuity equations averaged across the tank. Given
that the region where the most important changes
in the LCFA and oxygen occur are the flocs, the
information on the spatio-temporal changes of the
species is preserved in the corresponding macroscopic
equations. While in the other phases and regions the
model only contemplates the temporary changes of the
dependent variables.
The mathematical model derived for the membrane
tank is composed of effective medium equations that
describe the transport of mass and momentum in the

ultrafiltration cassettes. From the scaling process, it is
concluded that the macroscopic model for the mass
transport of the LCFA, under the assumption of local
mass equilibrium, is of the convection-dispersion type.
Whereas, for momentum transport, the macroscopic
model is Darcy’s law type. These equations no longer
distinguish between each component of the domain
and have the advantage of incorporating predictable
coefficients.
The mathematical models allow simulating the
operation of a reactor under specific operating and
design conditions, and identifying the parameters that
have the greatest impact on the response variable. For
the aerobic tank, the mass transport of both LCFA
and oxygen was modeled. The critical parameters to
promote the transport and oxidation of LCFA are: the
interfacial area per unit volume and the proportion
of degrading microorganisms of this chemical species
that are found within them. From the results obtained,
it can be concluded that the higher the number of
flocs and the higher the proportion of cells capable
of degrading LCFA, the lower the concentration of
this chemical species in the effluent from the aerobic
tank. Furthermore, it was observed that large flocs
(with radii close to 55µm) with high cell content
capable of consuming LCFA (volumetric fraction of
0.25) can consume higher amounts of this chemical
species. The numerical simulations of the oxygen
transport allows to affirm that there are operating
conditions, according to the literature, that supply
enough oxygen to maintain the viability of the aerobic
microorganisms, and for the oxidation of the fatty
substrate. The factors that have the greatest effect
on oxygen transport and consumption in the aerobic
reactor are the volumetric air flow and the maximum
specific consumption rate of this substrate.
The analysis of the membrane tank did not lose sight
of its coupled nature with the aerobic tank, using
the results of the latter as a starting point. From the
numerical simulations in space and in time of the
membrane tank, it is concluded that the factors that
influence transport of LCFA are summarized in the
retentive capacity of the ultrafiltration membrane (by
means of the Biot number) and the fluid velocity
within the tank (reflected in the Péclet and Reynolds
numbers). Regarding the retentive capacity of the
membrane, there are two factors that determine its
performance: First, the mass transport resistance
between the liquid and the cassette and second,
the mass transport resistances between the hollow
fibers and the permeate. In practical applications, the
former must be considerable so that the ultrafiltration
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cassettes retain most of the LCFA in the tank. While
the second resistance must be lower to promote
the reduction of the concentration of LCFA in the
permeate.
Additionally, the 3D numerical simulations of
the membrane tank allowed to reveal the main
mechanisms by which the mass transport of LCFA is
carried out. From the analysis of the total flux and the
diffusive flux in the membrane tank, it is concluded
that in most of the fluid external to the cassettes, mass
transport is governed mainly by convection, while in
the ultrafiltration cassettes the opposite occurs. The
numerical simulations made it possible to predict the
concentration of the chemical species at each point in
the tank and at each time, as well as the concentration
of LCFA in the permeate depending on the operating
conditions and characteristics of the membrane. Under
the operating conditions studied, the concentration in
the permeate decreased up to 1.5-2% with respect to
the feed concentration of the aerobic tank.
The mathematical models deduced here enabled
the determination of the best design and operating
conditions for the aerobic and membrane tanks in
terms of dimensionless numbers and parameters. It is
possible to obtain dimensional values that satisfy what
was found in this parametric analysis by using the
definitions given in previous sections for the aerobic
and membrane tank. In this way, these parameters
and dimensionless numbers can be used for any type
of aerobic tank that meets the model assumptions
detailed previously. The results presented in this work
are useful for future experimental work, both for the
design and for the improvement of existing membrane
bioreactors.
As a matter of perspectives, it remains necessary to
experimentally validate the models derived here in
order to assess the validity of the assumptions that
support them. Moreover, it is essential to evaluate the
scope of the equilibrium models. Also, it is pertinent
to further evaluate the integration of the membrane
fouling phenomena in the ultrafiltration cassettes. The
latter could be accomplished by the consideration
of superficial accumulation in the derivation of
the effective-medium model, or through reversible
adsorption reactions at the boundary of this region
and not only in the interfacial transport coefficients as
done here. These and other relevant subjects shall be
investigated in future studies.

Nomenclature

aσ j Interfacial areas per unit volume for the
boundaries between the σ and the j zones
( j = β,η), m−1

Ai j Superficial area between the i and the j
zones (i, j = γ,η,κ,β,σ, k , l), m2

A j Surface of the averaging domain of the j-
zone ( j = γ,η,σ)

Akl Boundary between the k and the l zones
(k, l = γ,η,κ,β,σ, k , l)

b j Closure variable that maps the influence of
I ·∇〈cA〉 into c̃A j ( j = β,η,σ), m

Bii j Biot number for species i (i = A,B) between
the η and the ω j regions

Biγη Biot number for species B at the boundary
between the γ and the η-zones

Biηζ Biot number for species A at the boundary
between the η and the ζ regions

Biζo Biot number for species A at the boundary
between the ζ-region and the permeate

ck
i Intrinsic average concentration of species

i (i = A,B) in the k-region (k = β,σ,ζ),
mol/m3

cAηe Molar concentration of species A in the η-
region inlet of the aerobic tank, mol/m3

cBγd Molar concentration of species B in the γ-
phase inlet (diffusers), mol/m3

〈c〉 Local averaged concentration, mol/m3

di j Closure variable that maps the influence of
1
µ j
·∇〈P j〉 j into P̃ j (i, j = β,γ,η,σ)

Di j Effective diffusion coefficient of species i
(i = A,B) in the ω j-region, m2/s

De f f Total dispersion tensor of species A in the
ζ-region, m2/s

Di j Closure variable that maps the influence of
1
µ j
·∇〈P j〉 j into v j (i, j = β,γ,η,σ)

D∗ Total dispersion tensor for species A, m2/s
D∗A Ratio between the effective diffusivity and

the molecular diffusion coefficients for
species A

DA j Molecular diffusivity of species A in the j-
zone ( j = η,β), m2/s

Hi j Relative apparent permeability tensor of the
i-zone in the j-zone (i, j = β,γ,η,σ), m2

H Total apparent permeability tensor, m2
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kγη Interfacial oxygen mass transport
coefficient at the γη boundary, m/s

kλη Hydrolysis reaction constant at the
boundary between the λ and the η zones,
m/s

kσ j Interfacial mass transport coefficient given
for species A at the boundary between the j
and the σ zones ( j = η,β), m/s

kηωi j Interfacial mass transport coefficient of
species i (i = A,B) between the η and the
ω j zones, m/s

ko Interfacial mass transport coefficient at the
boundary between the ζ-region and the
permeate, m/s

kζ Interfacial mass transport coefficient at the
boundary between the η and the ζ regions,
m/s

Ki j Thermodynamic equilibrium constant that
relates the concentration of species i (i =

A,B) between the extracellular matrix and
the Pi-region

` j Characteristic length of the j-zones (i =

β,η,σ), m
li Unit cell vector in the i direction (i =

1,2,3), m
ni j Unit normal vector directed from the i-zone

to the j-zone (i, j = γ,η,λ,ω,β,σ, i , j)
N f Number of floc sizes
Pi Region composed of species i consuming

cells
Pe Péclet number
P j Dynamic pressure in the j-zone ( j = γ,η,β),

kg/m s2

P σ Intrinsic average of the dynamic pressure in
the β-phase inside the σ-region, kg/m s2

〈P 〉 Local averaged dynamic pressure, kg/m s2

〈P j〉 j Intrinsic average of the dynamic pressure of
the j-zone ( j = γ,η,β), kg/m s2

P̃ j Spatial deviations of the dynamic pressure
in the j-zone ( j = γ,η,β), kg/m s2

Q̇iη Volumetric flow rate in the inlet of the η-
region, m3/s

Q̇dγ Volumetric flow rate in the inlet of the γ-
phase through the diffusers, m3/s

Q̇oη Volumetric flow rate in the outlet of the η-
region, m3/s

Q̇supγ Volumetric flow rate in the outlet of the
γ-phase through the upper surface of the
liquid in the tank, m3/s

r j Position vector that localizes points of the
j-region ( j = γ,η,β,σ), m

R f Maximum floc radius, m
Re Reynolds number for the η-region of the

membrane tank
Rec Reynolds number for the ζ-region
s j Closure variable that maps the influence of

〈cA〉 into c̃A j ( j = β,η,σ)
t∗ Dimensionless time for species A in the

membrane tank
t∗i Dimensionless time for species i (i = A,B)

in the aerobic tank
tD Characteristic diffusion time for species A

in the membrane tank, s
tDi Characteristic diffusion time for species i

(i = A,B) in the aerobic tank, s
ve f f Effective velocity vector in the ζ-region,

m/s
v j j-zone velocity ( j = γ,η,ω,β), m/s
vi j Velocity of species i (i = A,B) in the j-zone,

m/s
vσ Intrinsic average of the velocity of the β-

phase inside the σ-region, m/s
〈v〉 Superficial average velocity, m/s
V j Volume of the averaging domain of the j-

zone ( j = γ,η,ω,σ), m3

V j Averaging domain of the j-zone ( j =

γ,η,ω)
wi j Speed of displacement of the boundary

between the i-zone and the j-zone, i, j =

η,γ,λ,ω, i , j, m/s
Greek symbols
α Jump coefficient that takes into account the

transition from flow in a free-fluid zone and
into a porous medium.

αPi Half-saturation constant of species i
consuming cells (i = A,B), mol/m3

δ jA Kronecker delta
εe j Volumetric fraction of the extracellular

region that corresponds to species i (i =

A,B) consuming cells in the ω j-region
εPi j Volumetric fraction of the Pi region (i =

A,B) in the ω j-region
µ j-zone viscosity ( j = η,σ,β), kg m/s
µi j Maximum specific consumption rate of

species i (i = A,B) in the ω j-region,
mol/m3s

µγ γ-phase viscosity, kg m/s
µav Average viscosity, kg m/s
ρ j j-zone density ( j = η,γ,β), kg/m3

φ2
λη Thiele modulus at the boundary between

the λ and the η zones
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